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For the system 



Abstract 






i = l, 



(with A; > 3) we prove the existence, for (3 large, of positive radial solutions on M.^ . We 
show that, as /3 ^ +cxd, the profile of each component Ui separates, in many pulses, from the 
others. Moreover, we can prescribe the location of such pulses in terms of the oscillations of 
the changing-sign solutions of the scalar equation — AVF + W^ = W^ . Within an Hartree-Fock 
approximation, this provides a theoretical indication of phase separation into many nodal 
domains for the fc-mixtures of Bose-Einstein condensates. 



1 Introduction 



% 



In this paper we seek radial solutions to the system of elliptic equations 



U,eH\M.''), C/, >0, 



1 = 1, 



.,/c 



(1) 



with A'^ = 2, 3, fc > 3, and (3 (positive and) large, in connection with the changing-sign solutions 
of the scalar equation 

-AW + W^W^, WcH^{mJ^). (2) 

It is well known (see, for instance, [151 [7]) that this equation admits infinitely many nodal so- 
lutions. More precisely, following Bartsch and Willem [5], for any /i e N equation ^ possesses 
radial solutions with exactly h — 1 changes of sign, that is h nodal components ("bumps"), with a 
variational characterization. 



*Work partially supported by MIUR, Project "Metodi Variazionali ed Equazioni Differcnziali Non Lineari" 




In the recent paper [TB], Wei and Weth have shown that, in the case oi k = 2 components, there 
are solutions {Ui,U2) such that the difference C/i — U2, for large values of /3, approaches some 
sign-changing solution W of ([2]). Hence, one can prescribe the limit shape of Ui and C/2 as W~^ 
and W~: this means that each Ui can be seen as the sum of pulses, each converging to one of the 
bumps of \W\. 



Ui - W^+ 




In the present paper we extend this result to the case of an arbitrary number of components fc > 3, 
proving the existence of solutions to ^ with the property that, for j3 large, each component Ui is 
near the sum of some non-consecutive bumps of |iy| (see Theorems 12.71 and I2.8p . 



I\ 



Ui ^ wi+ W3 



U2 ^ W2+ W5 



C/3 -- W4 



/ 



-^ 



Furthermore, we can prescribe the correspondence between such bumps of \W\ and the index i of 
the component Ui (see Example 12. 3p . This, compared with the case k — 2, provides a much richer 
structure of the solution set for ([1]) . This goal will be achieved by a suitable construction inspired 
by the extended Nehari method (see [12]) developed in [5]. 

System ([1]) arises in the study of solitary wave solutions of systems of A; > 3 coupled nonlinear 
Schrodinger equations, known in the literature as Gross-Pitaevskii equations: 

~idt{(j)i) = A0., - Vi{x)(i)i +/ij|(/)jp0i -^/3y|0jp0i, i = 1,.. .,/c 
heH^{M.'^;C), N = 1,2,3. 



This system has been proposed as a matheniatical model for multispecies Bose-Einstein conden- 
sation in k different hyperfine spin states (see [5] and references therein) ; such a condensation has 
been experimentally observed in the triplet states (see |13|). Here the complex valued functions (jji^s 
are the wave functions of the i-th condensate, the functions T/i's represent the trapping magnetic 
potentials, and the positive constants fii^s and Pij's are the intraspecies and the interspecies scat- 
tering lengths, respectively. With this choice the interactions between like particles are attractive, 
while the interactions between the unlike ones are repulsive; we shall assume that f3ij = f3ji, which 
gives the system a gradient structure. To obtain solitary wave solutions we set 

obtaining that the real functions L/i's satisfy 

-AU, + [V,ix) + A,] U, = fl,U^ - J2 P^3Up^. l=l,...,k 

3^^ (3) 

U, eiJi(R^). 

For the sake of simplicity we assume Vi{x) = 0, A.; = /i^ = 1 and /3y — f3, for every i and j, and 
N = 2,3, even though our method works also in more general cases, see Remark 15.21 at the end of 
the paper. With this choice, system ^ becomes system ([T]). 

For a fixed k, as the interspecific competition goes to infinity, the wave amplitudes [/^'s seg- 
regate, that is, their supports tend to be disjoint. This phenomenon, called "phase separation", 
has been studied, starting from [H [5], in the case oi fii > and in [3] in the case ^i < 0, for 
least energy solutions in non necessarily symmetric bounded domains. Of course, the number of 
connected domains of segregation is at least the number of different phases surviving in the limit. 
For the minimal solutions, the limiting states have connected support^!!. This is not necessarily 
the case for solutions which are not characterized as ground states. This is indeed what we show in 
the present paper, proving the existence of solutions converging to limiting states which supports 
have a large number of connected components. In this way we obtain a large number of connected 
domains of segregation with a few phases. Taking the limiting supports as unknown, this can be 
seen as a free boundary problem. The local analysis of the interfaces and the asymptotic analy- 
sis, as the interspecific scattering length grows to infinity has been carried in [S] for the minimal 
solutions. 

In the recent literature, systems of type ([T]) have been the object of an intensive research also in 
different ranges of the interaction parameters, for their possible applications to a number of other 
physical models, such as the study of incoherent solutions in nonlinear optics. We refer the reader 
to the recent papers [TJ [THl M M E] mainly dealing with systems of two equations. For the general 
fc-systems we refer to [H [M] and the references therein. 



2 Preliminaries and main results 

In the absence of a magnetic trapping potential we shall work in the Sobolev space of radial 
functions iJ^(M^), endowed with the standard norm ||C/|p = J^n |V[/ip -I- Uf dx; it is well known 
that such functions are continuous everywhere but the origin, thus we are allowed to evaluate them 
pointwise. As TV = 2, 3 implies that p = 4 is a subcritical exponent, the (compact) embedding of 
H^{R^) in L^{R^) (see [11]) will be available: 

(2.1) Lemma (Sobolev-Strauss). If U e H^{R^) then J^^, U^ dx < C|||C/f , and the immer- 
sion H^{R^) ^ L^{R^) IS compact for N = 2,3. 



^This is rigorously proven in 5 , while it results from numerical evidence in [3]. 



We search for solutions of H]) as critical points of the related energy functional 

k r -\ k 

Mu,,...,u,) = J2 hm'--J Ufdx +f E / ufu]dx 



.3 = 1 



(we will always omit the dependence on (3 when no confusion arises). In the same way we associate 
with equation ^ the corresponding functional 






Let ft, e N be fixed. We introduce the set of the nodal components of radial functions having (at 
least) h — \ ordered zeroes as 

for every Z = 1, . . . , /i it holds w; > 0, w; ^ and 

A'* = <((u;i,...u;,)e(ff,i(M^))": , . ,, ^ ,. J VN > |xo| if p < / 

I V|x| < |xo| it p > /. 

We will often write W = (uii, . . . Wh)- By definition, if VF G X* , then wi ■ Wp = a.e. when / ^ p. 
More precisely, the sets {wi > 0} are contained in disjoint annulu and, for I < p, the annulus 
containing {wi > 0} is closer to the origin than the one containing {wp > 0}. As a consequence, 
we have J*(Ei wi) = J*(E;(-l)'w'0 = Ei J*iwi)- 

We are interested in solutions of ^ with h nodal regions. The Nehari manifold related to this 
problem is defined as 

J\f* = \w EX* : J*{wi) = sup J*{Xwi)\ ^ \w EX* : \\wi\\^ = / wf dx\ . 

As a matter of fact one has 
(2.2) Proposition. Let 

Coc = inf J*(W) = inf sup J* ( S^ Xiwi ] . 

Then the set 

IC = {W eM* : J*{W)=c^} 

is non empty and compact, and, for every W E JC, the functions 

h 

±Y,{-^twi solve ©H 
1=1 

Moreover there exist two constants < Ci < C2 such that, for every W E K, and for every I it 
holds 



Cl < llwif = / wfdx<Cl 



For the proof of this result, very well known in the literature, we refer to [2]. 

Now, let us consider system ([T]). Roughly speaking, we want to construct solutions of (H]) in 
the following way: each Ui > is the sum of pulses Mim, where each Uim is near some wi for an 
appropriate W G IC. Maybe an example will make the situation more clear. 



^Here and in the following by annuli we mean also balls or exteriors of balls. 
''As a consequence suppui; is an annulus for every I, and supp W = R^. 



(2.3) Example. Let h — 5 and fc = 3. A possible setting is to search for solutions Ui = un + M12, 
U2 = U21 + U22, C/3 = U31, in such a way that, for some W ^ JC, (for instance) uu is near wi, U21 
is near W2, U12 is near wa, W31 is near Wi, and U22 is near w^. The only rule we want to respect is 
that two consecutive pulses wi and w;+i must belong to different components Ui and Uj (see the 
last figure in the introduction). 

The general situation can be treated as follows. Let h > k and consider any surjective map 

a : {l,...,h} ^ {l,...,k} such that cr(? + 1) ^ cr(/) for / = 1, . . . , ft, - 1 

(a map that associates each pulse of an element of /C to a component Ui). The numbers hi = 
i^(j^^{i) (the number of pulses associated to the i~th component) are such that hi > I and 
^-^ hi = h. This means that we can (uniquely) define a bijective map onto the set of double 
indexes 

k 

a : {l,...,h} ^ (J{(i,m) : m= l,...,hi} 
i=i 

where the first index of a is given by a, and the second is increasing (when the first is fixed). In 
this setting, Example [iJ] can be read as a{l) = (1,1), a{2) = (2,1), ct(3) = (1,2), ct(4) = (3,1), 
a(5) = (2,2)0. 

According to the previous notation we define, for e < 1, 

Uim > and there exists W ^ JC such that 
A',= <((«n,...,^«.Je(i/,UM^))': V V lU, ,„ iP < .^ 

z^l m— 1 

and Ui = X]m=i ''^irn- Sometimes we will use the distance 

fc hi 
i—l m—1 

(2.4) Remark. Using Proposition 12.21 it is easy to see that 

1. A'g is contained in an e-neighborhood of /C, in the sense oi d^', IC C X^ (understanding the 
identification wi — M5-(im)); 

2. there exist constants Ci, C2 not depending on f3 and £ < 1, such that < Ci < ||uim|| < C2, 
0<Cf<J^^uf„,dx<Cl 

?>. m^n imphes /jj„ Vuim ■ Vum < Cs, J^„ u^mUm < Ce, /g^ UfuimUin < Ce. 

A first important result we want to give, that is underlying the spirit of this whole paper, is 
the following: in the classical Nehari's method described above, it is not necessary to perform the 
min-max procedure on pulses with disjoined support, but we can "mix up", even tough not too 
much, the pulses with non adjacent supports. 

(2.5) Proposition. There exist £0 < 1 such that for every < £ < £0 the following hold. If 
(wii , . . . , Vkhk ) & Xs is such that 

Vi ■ Vj — almost everywhere, for every i,j, 



^For easier notation we will write Uim instead of uu^^y, from now on we will use the letters i, j for the first 
index and the letters m, n for the second, while / is reserved for the components of W. 



(but Vim ■ i^in is not necessarily null) then 

sup J* V" \mVrm > 

Proof. To prove the result, we will construct a ft,-tuple {wi, . . . ,Wh) G A/"* such that, for a suitable 
choice of the positive numbers A^m's, it holds 



J I 7 ^ ^imVim ) ^ '^ \ / J 



Wa-i-{im) 



As a first step, we have to select the (disjointed) supports of such wi. To do that, using the 
definition of X^, we choose a W e JC such that ^- ^ \\vim — w^-i^im) P < e'^- When e is small we 
can find h positive radii ri, . . . ,rh such that, for \xi\ = r;, va(^i-^{xi)wi{xi) > 0|£| Using this fact we 
can construct the open connected annuli Ai, . . . ,Aii in such a way that 

• \xi\ = ri implies xi G A;, 

• Uf=i ^ = K^ and Ai D Ap = $ when p^l, 



• suppV^, C Um=i ^a-^im) for every i 

(recall that, by assumption, int(suppVi) n int(suppV}) = 0). By construction, we obtain that 
obviously supp wiC\ Ii ^ 0, while, by connectedness, 

suppw;^-i(i„) n A^-mn) = when n ^ m. 

In particular this last fact implies that, for n ^ mjj 






2 



< e^ and hence 



""nlA-_i(; 



2 



> Cl - {h, - 1)£2 (4) 



(with Cl as in Remark l2.4p . Now, depending on the positive parameters Aim's, let us define the 
functions Uim's as 

'^im 1 / ^ '^in^in 

\n=l 

By construction we have that Vim • Vjn = for every choice of the Aim's. We claim the existence 
of Aim's such that the corresponding Uim's satisfy 

-Fim(Aii, . . . , Afehfc) = ||wim||^ - / vfmdx = for every (i,m). 

This will imply that, writing wi — ^^■(j), the /i-tuple (wi, . . . , Wh) belongs to A/"*. Since J* I ^^ ^ Wim 

"^* ( Si m \mVim ) , this wiU concludc the proof of the lemma. In order to prove the claim we will 

use [k times) a classic result by Miranda concerning the zeroes of maps from a rectangle of K'*' 
into M''' (see [H]), proving the existence, when e is sufficiently small, of constants Q <t <T such 
that, for every {i,m), 

^im — T, t < Xin < T =^ Fi„i < 0, Aim ~ t, t < Xin < T ==r- Fi„i > 0; (5) 



^Otherwise we would obtain, for some I, v^rnwi = 0, and hence e^ > ||fa-(;) — '"'ilP = II^CTfolP + 11*"; IP ^ 2Cf 
by Remark [Ol 

^Since ^'i,^ vanishes on 97; for every choice of the indexes, Vim\ii belongs to H^(R^) and then, when 5-{l) j^ (i, m), 
£^ > \\{vim - ■Ws-l(im))\li IP = IkimI/, IP- 



from this and Miranda's Theorem the claim wiU follow. Let then {i, m) be fixed, Aim = T and, for 
n 7^ m, < \in < T. Exploiting Remark 1 2. 4[ equation (JH), and the Sobolev embedding of _ff,;t(R^) 
in L^[W^), we obtaiifl 



\\Vira\\ = K 






Am 



<r(C2 + (/i.-l)e) 



and 



R" 



v4 / „,4 



w™ dx > Aj„ / Wj„ dx = A; 






Choosing sq in such a way that, for e < eo, the last term is positive, we obtain an inequality of 
the form 

F,^ < aT^ -bT^ <0 if T is fixed sufhciently large, 

and the first part of ([5]) is proved. On the other hand, let now T be fixed as above, Aim = t, and, 
for n =^ m, t < Am < T. Using again the Sobolev embedding, we have 

ifm dx > \\d,^f - C|||t),m||4 = ||i)™||2 (1 - C|||5,mf ) • 

Then we simply have to prove that, when t is sufficiently small, Hf^zmll < l/^I- ^^ before, by 
Remark 12.41 and equation ([l]), we obtain 






< tC2 + (h, - l)eT. 



Hence we can choose t and Eq sufficiently small in such a way that, for every e < Eq, Hwimll < 1/^s- 
As we just observed, this implies the second part of ([5]) , concluding the proof of the proposition. D 

(2.6) Corollary. Since by Remark \2.4\ we haveAf* C Xi^ for every e, using the previous proposition 
we obtain the following equivalent characterizations of Coo- 



inf 
wi ■Wp = Q 



sup J* y^ Xiwi 
A,>o V / / 



inf sup J* V" XijnVi; 

{v^„,)eX, A_>0 '^ 



V, -¥,=0 



inf sup 

{V^„^) e X, A™>0 



\ m 



Im'^lm 1 



■Ea 



kni'^kni 



In the same spirit of the previous corollary, for i — 1, . . . , fc and m = 1, . . . , /i^, let Aim > and 
m™ e H^iR^) \ {0}. We write 

$/3(Ai, . . . , Afe) = J/3(Ai[/i, . . . , Afef/fe), 



'^For easier notation we write I = a ^(im). 



in such a way that $ is a C^-function. Moreover, let 



Mpimi,.. .,UkhJ = sup $^(Ai,.. .,Afe) 

Aim>0 



and finaUy 



c,,^ = infM^. (6) 

Pis 



Our main rcsuhs are the foUowing. 



(2.7) Theorem. There exist e > and (3 = /3(e) such that, if < e < e and (3 > (3, then c^.p is 
a critical value for Jp, corresponding to a solution of ^ belonging to X^. 

(2.8) Theorem. Let < e < e (as in the previous theorem) be fixed and {I3s)s&i be such that 
[3 s — > +00. Finally, let {Ul, . . . ,U^) be any solution of ([1]) at level c^,p and belonging to X^. Then, 
up to subsequences, 

d^iiUl,...,U^),IC)^0 

as s ^ +00. 



3 Estimates for any /3 and e small 

Let us start with some estimates on Ce_/3. 

(3.1) Lemma. When e is fixed, c^^p is non decreasing in (3, and Ce^p < Coo- 

Proof. First of aU, if j3i < (32, then for any (uu, . . . ,Ukhk) £ ^e we have J/3j(Ait/i, . . . , A^f/fc) < 
Jp^i^iUi, . . . , Afe[/fc), and we can pass to the inf-sup obtaining c^.^g^ < Ce,02- Now, let /? be fixed. 
By definition we have 

Coo = inf Af^ — inf {Af^('Uii, . . . ,Ukhk) • there exists W G X* such that Uim = iL'CT-i(im)} • 

Indeed, in such situation wiWp = for I ^ p and thus, letting /i; = Ag.(;), we obtain J^(Ai[/i, . . . , AkUk) 
J*((^liiwi). To conclude we simply observe that 

Xo C X^ for every e. D 

(3.2) Corollary. Let 

^e = I {uii,...,Ukhk) e <^£ : Mi3{uii,...,Ukh^) < Coo +min fl, - 

Then 

Ce,f3 = inf Af^. 

Xs 

From now on, we will restrict our attention to the elements of X^. We remark that Xg^ depends 
on (3: actually, if, for some i ^ j , UiUj ^ on a set of positive measure, then the corresponding 
(mii, . . . ,Ukhk) may not belong to Xf, if /3 is sufficiently large. Nevertheless, all the results we will 
prove in this section will depend only on e, and not on /3. 

(3.3) Lemma. Let (wn, . . . ,Ukhk) G '^e- Then Mpluu, . . . ,Ukhk) 's positive and achieved: 

0< M(3{uii,...,ukh^) =$/3(Ai,...,Afc), 

with 

V$^(Ai,...,Afc)-(Ai,...,Afc) = 0. 



Proof. We drop the dependence on f3. We observe that $ is the sum of two polynomials, which 
are homogenous of degree two and four, respectively: 

$(Ai, . . . , Afc) = ip2(Ai, . . . , Afe) + iF4(Ai, . . . , Afc) 

where P2 = J2i.m W^tmUimW^- Therefore, for i > 0, 

$(tAi, . . . , fAfe) = ^t^P2{Ai, ...,Ak) + f^PiiAi, . . . , Afe), 

Since Ui„i ^ for every i, m, if some Aim is different from then P2 > 0. Thus, for t small, 

< $(iAi,...,tAfe) <M. 

As a consequence, we can write 

M = sup J $(iAi, . . . , tAfe) ■.t>0,J2 |A^I' = 1 i ■ 

On one hand, we have 

max P2(Ai,...,Afe) = a > 0. 

EIA.|=i 

On the other hand, since M < Coo + 1//3, then 

max F4(Ai, . . . , Afe) = -6 < 

ElA.hi 

(otherwise we would have M — +00). But then 

$ tAi, . . . ,tAfe < -f - -i* < when t^ > — , 

thus $ is negative outside a compact set, and M is achieved by some (Ai, . . . , Afe). 

Finally, since this is a maximum for Aim > 0, Aim > implies d\-^^{Ai, . . . , Afe) = 0, therefore 

5Ai,„<S(Ai, . . . , Afe) • Aim = for every (i, m). D 

Thus, if (wii, . . . ,Ukhk) £ "^ej then M^ is a maximum. We want to prove that, when e is 
small (not depending on /3), the maximum point is uniquely defined, and it smoothly depends on 
(mii, . . . , Ukhk)- An a first step, we provide some uniform estimates for its coordinates. 

(3.4) Lemma. There exists R > 0, not depending oro e < Eq and (3, such that, for every 

(mi1,.. ■,Ukhk) G ^e, 

1. V$(Ai, . . . , Afe) • (Ai, . . . , Afe) = implies ^^ |A,|2 < R^ ; 

2. EJAd' = ^' imp/zes V$(Ai,...,Afe)-(Ai,...,Afe) < 0. 

Proof. Since (^ < M , using the notations of the proof of the previous lemma we can write 

$(Ai, . . . , Afe) := -F2(Ai, . . . , Afe) + -F4(Ai, . . . , Afe) < Coo + 1 

(recall Corollarv l3.2p and 

V$(Ai, . . . , Afe) • (Ai, . . . , Afe) = P2(Ai, . . . , Afe) + P4(Ai, . . . , Afe) = 0, 



'Here eo is as in Proposition 12.51 



providing 



P2(Ai, ...,Ak)^J2 ll^^^^ll" < 4(c- + 1). (7) 

^. But we know (Remark [ 



Since every Uim is non negative, we have ||AiC/j2 > J2,n ^fmll'^-im 
that each ||Mim|| is bounded from below, providing 



EiA^ 



2 ^ 4(Coo + 1) 



cf 



R' 



Now let (Ai, . . . , Afe) be fixed with J2i |Ai|^ = R^- For i > we write 

fit) = V$(tAi, . . . , tAfc) • (tAi, . . . , tAfc) = i2p2(Ai, . . . , Afe) + i^P4(Ai, . . . , Afe), 

and we know, from the discussion above, that f{t) = implies f < 1. Recalling that P4 must be 
negative (otherwise M = +00) we deduce that /(I) < 0, concluding the proof. D 

(3.5) Remark. As a consequence of the previous proof (and of Lemma 13. 3p we have that, if 
(mii, . . . ,Ufe-/iJ e Xi, and Mp{uii, . . . ,Ukhk) = $/3(Ai, . . . , Afe), then the three quantities 

V||A,c/,f, V/ (A,[/,)^dx, /3V / (A,c/,)'(A,t/,)'dx, 

are bounded not depending on j3: the first by equation ([7]); the second by the first bound and by 
the continuous immersion of Hl{R^) in L''(M^); the third by the previous bounds and the fact 
that Mp < Coo + 1. 

(3.6) Lemma. There exists < ei < Eq (not depending on (3) such that if e < £\, (un, . . . , Ukh^) G 
Xs, and $;3(Ai,...,Afe) = Mpiuii,.. ■ ,Ukhk) then 



^im. ^ ^ 



for every (i, m). 



In particular, since Xim > 0, V$/3(Ai, . . . , Afe) = 0. 

Proof. By the previous lemma we know that < Ai,,,. < R. We choose {i,rn) and, for any 
(j, 71) 7^ (i, m), we fix < Aj„ < R. We will prove that (for e sufficiently small) 



$U„„=0 < *Ia„„=1/2 



and 



0<X^ra< 1/2 =^ S^. $(Ai, ... Afe) > 0, 



(8) 



and the result will follow. Let V = J2n^m ^inUin- Since all the Am's are bounded, by Remark 12.41 
we know that 



(y,u,„,) = o(i). 



V^ul^dx = o{l), 



as e ^ 0. 



Moreover, according to the definition of X^^let I = a -^{im) and wi be such that \\uim — wi\\ < e, 
with WwiW^ = /g„ wf dx. On one hand, we have (as e ^ 0) 



*U„„=i/2-$U_=o > 2 



V + -u„. 



-WW 



V + -U^m 



-ivy 



dx 



^m 



dx + o{l) 



-wi ] dx + o{l) 



^||u;,|P + o(l)>0. 



10 



On the other hand, with similar calculations, we obtain 



5a,„* = {^^Ui, u^„i) - / {AiU^fu^n, dx + P {AiUi)u„n 'Y^iAjUj'f dx (9) 



R" .#. 



and 



dl. $(Ai, . . . Afc) = ||u,„,f - 3 / (A,C/,)'uL dx + p [ uj^y^{KjUjf dx 



|2 o / \ 2 ^,.2 



-(l-3AL)lkif +o(l)>0 
since A^™ < 1/2. D 

(3.7) Remark. As a byproduct of the previous proof (equation ([8])), we have that, if e < ei, 
(mii, . . . , Ufe/,^) e A'e, and < Aj„ < i?, then 

aA„„$(Ai,...Afc)|A_ = i/2 >o. 

(3.8) Lemma. There exists < £2 < £i (not depending on (3) such that if e < £2, (un, . . . , Ukhk) G 
Xg; and V$(Ai, . . . ,Ak) = with Xim > 1/2 then the Hessian matrix 

D^^{Ai, . . . , Afe) is negative definite. 
Proof. From ^ we obtain 

^A,„A,„* ^ f^ '2{A,Ui){AjUj)u^„,UJn dx H j J^ l 

■/R« 

dl- \. '^ = {uirn,Uin) -i I {AiUi)'^ UimUin dx + f3 UimUi„y^{AjU jY dx 

Jwl^ Jr« ■ /- 

(we computed 9^2 $ in (|10p ). For m ^ nwe write 

^lnn = {'^^rn■,Uin) - I (A^U iY UimUin dx 

JR" 

in such a way that 



(AiUi,Ui^) - / {AiUiYuimdx = A, 



|2 



/ (A.f/o^^Lrf^+Ei^^^" 

JR" „ /™ '^Jm 



||Wi„i|| - 



Since V$(Ai, . . . , A^) = we have, for every i, m, 

Substituting we obtain 

92^^,_$(Ai, . . . , A,) = -2 h„„f - 3 E ^^™« +/3 / u,m fu„„ - ^A,C/,) E(^.t^.f dx, 

"• V ' / ^im JR" \ Mm J ■_, - 

, n=^m m. \ ' ]^i 

(^) ^^ . ' , ' 

(B) (C) 

(11) 

11 



and, for n ^ m, 

dl ^. $(Ai, . . . , Afe) = m4„ - 2 / (A,C/,)2ui„Ui„ dx +/3 / u™u.„ V(AjC/j)2 dx. (12) 

V „ ' J#* 



(S) 



(C) 



As a consequence we can split D^$ as 



i:'^<l>(Ai,...,Afc) = -2.4 + B + /3 / C{x)dx, 

where each of the matrices A, B, and C contains the corresponding terms in pT|) and (I12p . and 
C also contains the terms appearing in d^. ;^. ^, i ^ j. First of all, using Remark 12.41 and the 
boundedness of the Aim's, we observe that A is diagonal and strictly positive definite, independent 
of £, while B is arbitrary small as e goes to zero (not depending on /3). We will show that C{x) is 
negative semidefinite for every x: this will conclude the proof. 

To do that, we will only use that Ui„^ > and ^^^^ \mUim = ^iUi, therefore, without loss of 
generality, we can put Xim = 1 for every (i,mjf|. The matrix C{x) can be written as the sum of 
matrices Cij{x) where only two components, say Ui and Uj, interact. Such matrices, for x fixed, 
contain many null blocks, corresponding both to the interaction with the other components Up, 
p ^ i,j, and to the pulses of Ui and Uj vanishing in x. All those null blocks do not incidc on the 
semidefiniteness of Cij] up to the null terms, C^ writes like 



/ U]{u,i-W^)u,i ■■ 


UfuiiUih^ 




2U^UjU,iUji ■ 


■ ■ 2U^UjU,lUJh, 


Ufuth.u^i 


■ Uf{u,h,-3U,)u^h, 




2UiUjU^hiUji ■ 


■ ■ 2UtUjU^h,Ujh^ 


2UiUjUiiUji ■ 


■ ■ 2UtUjUihiUji 


m 


(%i - ^Uj)uji ■ ■ 


UfujiUjhj 


\ 2UiUjUjhjUii ■ 


■ ■ 2UiUjU^hiUjhj 




Ufujh^Uji 


■ Ufiu,h,~3U,)u,h, , 



\ 



(where every term is strictly positive), which has the same signature than 



/ l-3f/,/M,a 



1 



1 - Wi/uih^ 



V 



\ 



1 — iUj/uji ■ ■ ■ 1 

1 ••• l-3C/,/«,7., / 

(we mean that in the two blocks every term is equal to 2). The last matrix can be seen as the sum 

-1 1 



1 



-1 



/ 1-1/ai 


1 







\ 


1 


• • • 1 - l/ah. 












1 - l//3i 


1 















v 




1 


• • • 1 - llPh, 


) 



^replacing \im'^im, with Ui^ and KiUi with Ui. 
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where am — Uim/Ui, f3m = Ujm/Uj, ill such a way that ^a™ — ^/Jm = 1- It is easy to see that 
the first addend is negative semidefinite, so the last thing we have to prove is that X^m '-'^™ ~ 1' 
am > 0, imphes that 

/ 1-1/ai ••■ 1 

is negative semidefinite. Let ^ = (^i, . . . , ^/i) e M''. Then it is easy to prove that 

Y,^>h\s,\\ thus D^-^<{Y.^^A ~h\e, 

m=l ™ \m=l / 

that is trivially non positive for every h and f . D 

(3.9) Proposition. Let e < £2 in such a way that all the previous results hold. Then, for every 
(mii, . . . , Ukhk) G '^e there exists one and only one choice 

Aj = Aj(uii,...,Mfc?iJ 

such that 

Jp (Ai(uii,. ..,UfeftJt/i,. ..,Afc(uii,.. .,Ukhk)Uk) = Mp{uii,.. ..Ukhk)- 

Moreover, each A^ is well defined and of class C^ on a neighborhood N{Xc;) of X^- 

Proof. To start with we will show, via a topological degree argument, that (Ai, . . . , A^) is uniquely 
defined on X^. Indeed, consider the set 

D = J (Ai, . . . , Afe) e R'' : ^ |A,|2 < i?^ A,„, > 1/2 I . 

By Lemma [3.41 and Remark 13.71 we know that V$ points inward on dD. As a consequence — V^ 
is homotopically equivalent to a translation of the identity map, and 

deg(V$,0,i?) = (-l)". 

On the other hand, such degree must be equal to the sum of the local degrees of all the critical 
points of <I> in D: since these points are all non degenerate maxima (by Lemma [X5)l . and they have 
local degree (—1)'', we conclude that there is only one critical point of $ in D, and it must be the 
global maximum point. Therefore the maps Ai{uii, . . . ,Ukhk) ^^e well defined in X;,. Moreover, 
they are implicitly defined by 

v$(Ai,...,Afc) = o, 

thus to conclude we can apply the Implicit Function Theorem in a neighborhood of any point of X^ : 
indeed, V$ is a C^ map (both in the A-variables and in the w- variables) ; moreover, its differential 
with respect to the A-variables is invertible by Lemma [3. 81 fit is simply Z?^$). D 

We observe that, even if (un, . . . , Ukhk) belongs to X^, nevertheless this might not be true for 
the corresponding (AnUn, . . . , Xkhk'^khh)- At this point we can only state a weaker property for 
those elements of X^ with the corresponding [/,;'s having disjoint supports. 
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(3.10) Lemma. Let s < 62 in such a way that all the previous results hold, and (un, . . . ,Vkh^) G 
Xg, be such that 

Vi ■ Vj — almost everywhere, for every i,j. 

Then there exists S — S{e) (not depending on (3) such that (XuVn, . . . , Xkh^Vkhu) G '^aCJ Moreover, 
5 goes to as e does. 

Proof. To start with, we observe that Vim > imphes XimVim > 0, and that M^(uii, . . . ,Ukht,) — 
M(3(XiiUii, . . . , Xkh^Ukhk)- As a consequence, if we prove that 

i.rrt i,m 

with 6 vanishing when e does, we have finished. By assumption we have that P J {AiVi)virn{^jVj)'^ = 
for every choice of the indexes, so that the functions A are imphcitly defined by 






3 

Vim. da; = 0. 



?n I ^im 



On the other hand, by the definition of /C, we know that 

( V" Ai„'u;^-i(i„), u;<=,-i(j„) )- / Y] Ai„'u;^-i(„) Wa-i(i„i) dx = ^=^ A„, = 1 for every n. 

\ n I -^K" V n J 

But then our claim directly follows from the Implicit Function Theorem. D 

4 Estimates for e fixed and (5 large 

From now on we choose e > in such a way that, for every e < e, it holds 

e < £2 and (5 < £2 

with £2 as in Proposition 13.91 and 5 = 5(e) as in Lemma [3.101 As we said, £ do not depend on (3. 
In the following £ and 5 are considered fixed as above. 

Since in the following we will let /3 move, we observe that, as we already remarked, the set 
X^ — X^p also depends on (3, since the functions inside satisfy Mp < Coo + 1//3. 

(4.1) Remark. If /3i < /32, then for any (un, . . . ,Ukhk) G X^ and any choice of the A^'s, it holds 
J^j(Ai[/i, . . . , AfeC/fc) < J^2(AiC/i, . . . , AfeC/fe). Passing to the supremum we obtain 

/?i </?2 =^ X,,0, CX,,0,. 

In the following we will deal with sequence of /i-tuples in X^, with increasing f3. For this reason, 
we start this section with a general result about some convergence property for such sequences. 

(4.2) Lemma. Let the sequence j3s — > +00, s e N, and let us consider a sequence of h-tuples 

Then, up to a subsequence, w|„j -^ '^im' strongly in H^{M.^), for every {i,m). Moreover 

U* -U* =0 for i ^ j, and (u*i, . . . , ulf^^) G Xi.,p for every /3. 
Finally, writing A*„j = Ajm(u^^, . . . ,uli^J, we have that Af,„ -^ A*,„ and 

Jp (A* C/* , . . . , A* Ul ) = Coo for every (3. 



^Here and in the following Aim = Mmi'i'ii, ■ ■ ■ i^fch^)! according to Proposition 13.91 
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s||2 / ^2 



Proof. By assumption we can find a sequence (wl, . . . , w*) ^ IC sucli tliat J^i ,„ llf^fm ~ '^f II < 



where I — a ^(im). Since /C is compact, we have that, up to a subsequence, Wi —> w^ strongly, 



and ufj^ -^ M*„j weakly in H^{M.^) (since they are bounded, independently on f3 (see Lemma [ 
also each Af^ converges to some number). By the compact immersion of H^(R^) in L'*(M^), we 
deduce that uf„ -^ u*^ strongly in i'^(R^). We know by Remark [23] that 



PsiZ I ^^^f ^^of dx<C 



not depending on /3. Using the strong L'*-convergence and Lemma [3Jl we conclude that U* ■ U* = 
for i y^ j. To prove that (u*!, . . . , m^^ ) € X^ we observe that: 

• u*j^ > by the strong L^-convergence; 

• J2i m W'^im ^ "^rlP < ^^ by weak lower semicontinuity of || • ||; 

• finally, for every choice of the Aim's, we have that hminf ||AiC//|| > ||Ai[/j*||, \im J {AiUf)'^ — 
/(A,C/*)4 and 

liminf /3, / (A,C//)^ {^jU-f dx>0 = (3 [ {AiU*f {AjU*f dx for every P, 

providing, for every (3, Jfj{KiU*) < liminf J;3^(A.iC/f ) < Cqo + l//3s, that imphes 
Mf3{ulj^,. .. ,ulf^J < Coo < Coo +min(l,l//3). 

Thus {uli, .... ulf^J G A'e,^ and we can write A*m = Aim(u*i, . . . , ulf-^J. Now, since U* ■ U* = 0, 
by Proposition 12.51 we know that 

J/3(A*C/i , . . -AlUl) = sup J* V \iraV^m > Coo- 

On the other hand, for what we said, 

Coo + l/A > J/3.(A?f/r, . . . , A^C/,^) > Jp^ [KlUl, . . . , A*C/,^) > MAIU*, . . . , A*.C/*) + 0(1), 

where the second inequality is strict if and only if A^^ 7^ A*„j , and the third is strict if and only if 
^im ~h ^im- Comparing the last two equations, we obtain that 

J(A* [/*,... , A^ C/^* ) = Coo , Af„ ^ A*„ , and wf^ ^ u *„ strongly, 

concluding the proof. D 

Now we want to show that, if /? is sufficiently large, then the result of Lemma F3.10I holds on 
the whole X^, without restrictions. 

(4.3) Lemma. There exists (3i such that if P > Pi then 

{uii,. . . ,Ukhk) ^ '^s => (AiiUii, . . . , Afe/ifcMfchfc) G '^5- 
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Proof. As in Lemma [3?Tni since M^(uii, . . . , m^/jJ = Mf}{XiiUii, . . . , Xkh^UkhJ, and Uim > 
implies XimUim > 0, we only have to prove that, when /3 is sufficiently large, 

i,m i,m 

where / — a~^{im). By contradiction, let Ps -^ +oo and {ufi, . . . ,ulf^ ) G A^ be such that 
T,^,m htm " w^ W^ < £^ ^nd J],,™ IIAj^wf™ " wj f > 6^ for any {wi, ...,Wh)£lC. Using Lemma 
14.21 we have that wf^ ^ u*„^ , Af„ ^ A*„j , in such a way that 

Ki, • • ■ , 4/.J e i-e, f/* • [/; EE 0, and ^ ||A*„<„ - ^dP > <^, 

for every (wi, . . . , Wh) G /C- But this is in contradiction with Lemma 13.101 D 

By the previous lemma we have that, for every (un, . . . , uj-hk) G -^ei the corresponding max- 
imum point {Xiiuii,. . . ,XkhkUkhk) belongs to Xs and Ai„i(AiiUii, . . . , Afc/i^Ufc/,.J = 1 for every 
{i,m). Motivated by this fact we define 

7V/3 = |(uii, • ■ -lUkhk) G ^s.p ■ A„i(uii, . . ■,UkhJ = 1 for every {i,m)\ , 
immediately obtaining that, on TV/j, Mp = Jfj and 

c,.fi>MJf3{Ui,...,Uk). (13) 

As a matter of fact, if (3 is sufficiently large, also the opposite inequality holds. 
(4.4) Lemma. There exists P2 > /3i such that, if f3 > (32 then 

J^[i C X,,2. 

Proof. We argue again by contradiction. Let (up to a subsequence) 13s -^ +00, (uf 1 , . . . , u^,j ) G A//3 
(and hence Af,„ = 1) be such that 

Y.\\<m-wif>^-T for every W^ G /C. (14) 



i.m. 



Using Lemma 1121 we have that uf^ ^ w*^ strongly in iJ^(E^) and A*^ = 1, for every {i,m). 
As a consequence, defining w* = uLn, we obtain that J*(w;*) = sup_)^ J*(A'u;;*) and J{J2i^i) — 
Coo- Therefore (w*, . . . jW^) G /C, and, obviously J2i m W'^im ~ ""^flP = 0- But this, using strong 
convergence in p4|) . provides a contradiction. D 



(4.5) Remark. Taking into account (|13p . and the previous lemma (beside the inclusion X^/2 C X^) 
we obtain 

Ce,p = iniMp > inf J/3(C/i, . . . , C/fc) > inf Mp > mfMp = Ce,;3, 

obtaining three equivalent characterizations of c^^^. 
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5 Proof of the main results 

In order to prove our main results, we present an useful abstract lemma. 

(5.1) Lemma. Let H he an Hilbert space, d an integer, I e C^(i/'^;K), X C H''- , and N{X) an 
open neighborhood of X. Let us assume that: 

1. d junctionals Xi G C^{N{X);M.), i = I, . . . ,d, are uniquely defined, in such a way that Xi > 
for every i and 

sup /(Aixi, . . . , XdXd) ^ L{Xi{xi, ..., Xd)xi, ..., Xd{xi, ..., Xd)xd); 

2. (xi, . . . ,Xd) £ X is such that Xi{xi, . . . ,Xd) = 1 for every i, 

inf sup I{XiXi,...,XdXd) ^ L{xi,...,Xd), 
■^ \i>0 

and the d x d matrix H — I 9^.^ ./(xi, . . . , Xd)[xi,Xj\ ] is invertible; 

3. (2/1, . . . , yd) G H"^ is such that, for some t > and < 5 < 1, 

{siXi + tyi, . . . , SdXd + tyd) £ X as {)<t<t,l — 5<Si<l + 5. 

Then 

VL(xi,...,Xd) ■ {yi,...,yd) > 0. 

Proof. For easier notation we set x = {xi, . . . , Xd)- Since (siXi + tyi, . . . , SdXd + tyd) £ X we can 
substitute it in each A^. To start with, we want to apply the Implicit Function Theorem to 

( Xi{sixi+ tyi, ..., SdXd + tyd) \ (\ 
\ 
Ad(sixi + ij/i, . . . , SdXd + tyd) 

in order to write Si = Si{t), where Si is C^, for every i. By assumption F is C^ and F{1, ...,1,0) = 
(1, . . . , 1), thus wc only have to prove that the d x d jacobian matrix 

^ = 3(,^^...,s^)i^(l,...,l,0) = (5^,^j(^)[^»])jj=i_..._d is invertible. 

Therefore let us assume, by contradiction, the existence of a vector 

v^ {vi,...,Vd) eK.'^X {0} such that Av ^ 0. (15) 

Let us now consider the function $(Ai,...,Ad) = I{XiXi, . . . XdXd)', by definition, the point 
(Ai(xi, . . . , Xd), ■ ■ ■ Xd{xi, . . . , Xd)) is a free maximum of $, and hence V<I'(Ai, . . . , A^) = (0, . . . , 0), 
that is 

dxJ{Xi{xi,.. .,Xd)xi,.. .,Xd{xi,.. .,Xd)xd)[xi] = for every i 

(in particular, dxiL{x)[xi] — for every i). We can differentiate the previous equation with respect 
to Xj, obtaining, for every (zi, . . . , Zd) G H'^, 

d 
dl^xjH^i^i^ ■ ■ ■,XdXd)[xi,XjZj] + ^ dl^,x^I{XiXi, . . .,XdXd)[xi,Xn] ■ dx^Xn[zj] ==0 for j 7^ * 
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and 

d 

+ dxJ{XiXi,.. .,XdXd)[zi] = 0. 

We can substitute Xi — Xi, Zi — ViXi, and Xi = 1 in the previous equations. Recalling that 
dxil{x)[xi] = for every i we obtain, for every i and j (not necessarily different), 

d 
^dl^xJix)[Xi,X„] ■ dx^Xn{x)[Xj] ■ Vj = -Vj^l^^J{x)[x^,Xj\. 
n=l 

Summing up on j, and recalling the definitions of A, v (equation (jlSp ) and H, (second assumption 
of the lemma) we have 

HAv = -Hv, 

providing a contradiction with the invertibility of H . 

Hence we obtain the existence of the C^-functions Si = Si{t) (for t sufficiently small) such that 
Xi{siXi + tj/i, . . . , SdXd + tyd) = 1. Let us consider the function 

ip(t) = /(si(t)5i +%!,.. .,Sd{t)xd + tyd). 

By construction (p is C^ and Lp{t) > for i > 0. We obtain that 

d d 

< ^'{0) = Y. dxj{x)[s',{t)x, + y,] - V/(x) ■ {y,, . . . ,yd) +Y, s',{t)dxj{x)[x,], 

1=1 i=l 

and the result follows recalhng again that dxil{x)[xi] ~ for every i. D 

Now we are finally ready to prove our main results. 



Proof of Theorem \2.T\ Let e as above and /3 = /32, in such a way that, for any fixed e < e and 
(3 > P, all the previous results hold. By Remark 14.51 for every integer s we have an element 

(wf 1 , . . . , ulf^^ ) e Affj such that 

Ce,P<Jf3{Ul,---,U^)<Ce^P + -. 



We are in a situation very similar to that in Lemma l4.2l (much easier, in fact, since now f3 is fixed). 
Following the same scheme, one can easily prove that uf„^ — > u*„^ strongly in H^{R'^), with 

Ki: • ■ • , ulhj e A/'/s, MUl, . . . , C/j!) = c,,0. 

Moreover, by Lemma l4.4i the minimum point is e/2-near an element of JC. 

It remains to prove that each U* is strictly positive and that (C/j*, . . . , C/^) solves ([T]). To 
do this we will apply Lemma [5?T| letting H = H^{R'^), d = h, X = X^, I{uii, . . . ,Ukhk) — 
J^(C/i, . . . , C/fc), and {xi, . . . ,Xh) = (u^^^, . . . , u^;, ). Assumptions 1. and 2. in Lemma l5.ll are 
satisfied by construction, therefore we have only to choose a variation (j/i, . . . ,yh) and to check 
assumption 3.: 

"P = (siiw*! + tyi, . . . , SkhkU\}i^ + tyh) G X^ when i > is small and each Sim is near 1". 
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Under these assumptions on t and s^m, it is immediate to see that P is e-near to the same element of 
/C to which (uli, . . . , u^^ ) is e/2-near; moreover, by continuity, Mf3{P) — Jf3{K{P)P) < Ce^p + l/ (3. 
Recahing the definition of Xg fCorollarv l3.2[) we have that assumption 3. is fulfiUcd whenever each 
component of P is non negative. 

First let us prove that each [/,; is strictly positive. Assume not, there exists xq G M^ with, say, 
Ui{xq) = 0. Since C/i ^ we can easily construct an open, relatively compact annulus A 9 xq such 
that Ui < 1/2 on A and C/i ^ on dA. For any radial ip € C^{A), (p > 0, we choose the variation 
yi — ip, yi = for ^ > 1. Clearly each component of P is non negative, thus Lemma 1 5 . II implies 

< V/(«Ji, . . . , ul,J • (^, 0, . . . , 0) = d^.Jiul,, ..., ul^Ji^] = 
VC/i ■V(p + Uiil-Ui+f]^Uf\ip dx 

= / [VC/i • \/ip + a{x)Ui'pdx] for every radial p e C^{A). 

J A 

But then, since a{x) > 3/4 > on ^, and Ui ^ on dA, the strong maximum principle implies 
Ui > on A, Si contradiction. 

Now let us prove that {U*, . . . , U^) solves ([T]). Again, assume by contradiction that, for instance, 
Ui does not satisfy the corresponding equation. Then there exists one radial (p G C(j"(M^), not 
necessarily positive, such that (up to a change of sign) 

/ I Vt/i • Vp + Uiip - UIp + pUi V U'^Lp I dx<Q. 

Moreover we can choose p with support arbitrarily small. Since C/i is strictly positive, we can then 
assume that one of its pulse, say un, is strictly positive on the support of p. But then, for t small, 
also siiu\i + tp is positive, therefore Lemma l5.ll (with yi — p, yi — for I > 1) implies 



0<V/(m*i,...,4. )-((p,0,...,0) 



/ ivui-vp + Uip - uIp + pui y U^p dx, 



a contradiction. D 

Proof of Theorem \2.^ The proof readily follows by proving that 

for every < i^ < 1, if /? is sufficiently large, then Mp C Xy^. 
But this can be done following the line of the proof of Lemma 14.41 D 



(5.2) Remark. We proved the main result in the simplest case of system ([T]). Now we suggest 
how to modify this scheme in order to treat the general case of system ([3]). The main difference is 
that the role of the associated limiting equation is now played by the minimization problem 



mm 
1=1 



Z^ /r« \^wi? + {V„(^i){x) + A^(/)) wf dx 






where now the constants /ii's and Ai's are allowed to take different values, and also the potentials 
T^'s, with the only constraint that each Schrodinger operator 

-A + Vi{x) + Xi 
19 



must be positive. In such a situation, the above minimization problem is always solvable and we 
call K. its solution set. With these changes , in dimensions two and three, Theorem 12 . 71 and all its 
proof remain the same. 

When lim|j.|^_)_oc Vi{x) = +00 wc can lower the dimension to cover also the dimension A^ = 1. 
In such a case we must change the definition of the Hilbert space we work in choosing for each i 
the different norm 

2 / \v7TT |2 I nrf,„\ I \ ^ r7"2 , 



l|c^.lr= / \yu,\' + iv,{x) + \i)u.tdx, 

with the advantage that the embedding in L* is now compact also in dimension A^ = 1. 

Finally, let us mention that we can also allow bounded radially symmetric domains instead of 
M^, and some non-cubic nonlinearities, provided they are subcritical. 



References 

[1 

[2 



A. Ambrosetti and E. Colorado. Standing waves of some coupled nonlinear Schrodinger equa- 
tions. J. Lond. Math. Soc. (2), 75(1):67~82, 2007. 



T. Bartsch and M. Willem. Infinitely many radial solutions of a semilinear elliptic problem 
on R^. Arch. Rational Meek. Anal, 124(3):261-276, 1993. 

[3] S.M. Chang, C.S. Lin, T.C. Lin, and W.W. Lin. Segregated nodal domains of two-dimensional 
multispecies Bose-Einstein condensates. Phys. D, 196(3-4):341-361, 2004. 

[4] M. Conti, S. Terracini, and G. Verzini. Nehari's problem and competing species systems. Ann. 
Inst. H. Poincare Anal. Non Lineaire, 19(6):871-888, 2002. 

[5] M. Conti, S. Terracini, and G. Verzini. An optimal partition problem related to nonlinear 
eigenvalues. J. Fund. Anal, 198(1):160-196, 2003. 

[6] E.N. Dancer, J.C. Wei, and T. Weth. A priori bounds versus multiple existence of positive 
solutions for a nonlinear Schrodinger system, preprint. 

[7] C. Jones and T. Kiipper. On the infinitely many solutions of a semilinear elliptic equation. 
SIAM J. Math. Anal, 17(4):803-835, 1986. 

[8] T.C. Lin and J.C. Wei. Ground state of N coupled nonlinear Schrodinger equations in R", 
71 < 3. Comm. Math. Phys., 255(3):629-653, 2005. 

[9] T.C. Lin and J.C. Wei. Spikes in two-component systems of nonlinear Schrodinger equations 
with trapping potentials. J. Differential Equations, 229(2):538-569, 2006. 

[10] L.A. Maia, E. Montefusco, and B. Pellacci. Infinitely many radial solutions for a weakly 
coupled nonlinear Schrodinger system, preprint. 

[11] C. Miranda. Un'osservazione su un teorema di Brouwer. Boll. Un. Mat. Hal (2), 3:5-7, 1940. 

[12] Z. Nehari. Characteristic values associated with a class of nonlinear second order differential 
equations. Acta Math., 105:141-175, 1961. 

[13] Ch. Riiegg et al. Bose-einstein condensation of the triple states in the magnetic insulator 
tlcucl3. Nature, 423:62-65, 2003. 

[14] B. Sirakov. Least energy solitary waves for a system of nonlinear Schrodinger equations in 
W\ Comm. Math. Phys., 271(1):199-221, 2007. 



20 



[15] W. A. Strauss. Existence of solitary waves in higher dimensions. Comm. Math. Phys., 
55(2):149-162, 1977. 

[16] J.C. Wei and T. Weth. Radial solutions and phase separation in a system of two coupled 
Schrodinger equations. Arch. Rational Mech. Anal., to appear. 

[17] J.C. Wei and T. Weth. Nonradial symmetric bound states for a system of coupled Schrodinger 
equations. Atti Accad. Naz. Lincei CI. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. AppL, 
18(3):279-293, 2007. 



21 



